The safety of rockfill dams during initial impoundment has always been an issue of interest for regulatory agencies. Specifically, it is necessary to identify potential tensile strain zones and shear strain concentration zones in which cracks may form. In this paper, a meshless smoothing method is proposed to construct the strain field of a prototype dam based on monitoring displacement data. For verification, this method is applied to calculate the strain field of the Nuozhadu core wall rockfill dam. The results show that the proposed method can provide regulatory agencies with an effective tool for dam inspection during initial impoundment.
Introduction
The safety of core wall rockfill dams during initial impoundment has always been a critical issue considered by geotechnical structure engineers and regulatory agencies. In the case of the Teton Dam [1] , the dam failed a few hours after excessive leakage was first observed. An incident occurred at Hyttejuvet Dam [2] in Norway when unexpected leakage occurred during the first filling of the reservoir. A similar leakage incident occurred just before the reservoir became full during the initial impoundment of Balderhead Dam in England [3] . This critical failure mode is difficult to detect in the early stages of impoundment and typically is not identified until it has progressed to a full piping leakage situation [4] . Therefore, it is particularly important in practice to develop a method with some predictive capability to assess potential problems in advance.
Foster el al. [5] conducted a statistical analysis of embankment dams failures and accidents. The compilation of dam incidents included detailed characteristics of the dams, including dam zoning, core soil type, filter, compaction, foundation cutoff, and foundation geology information. Foster el al. [6] proposed a method of estimating the relative likelihood of failure of embankment dams by piping based on an analysis of collected historic failures and accidents. However, the method is only suitable for preliminary assessments to identify which dams should be prioritized for more detailed studies. Thus, the method provides only conceptual assessment and is not substitute for sound engineering assessment. A number of numerical analyses have been conducted to evaluate the performance of dams during reservoir filling. Rashidi and Mohsen [7] conducted a twodimensional numerical analysis of Gavoshan Dam based on a finite difference method. This dam is a rockfill dam with a clay core located in Iran. The results of the numerical analysis exhibited good consistency with measured values. Djarwadi et al. [8] analyzed Hyttejuvet Dam in Norway using a finite element method. The ability of the clay core configuration of the rockfill dam to resist hydraulic fracturing was studied, and 30 variations of the clay core materials were analyzed. Because numerical models and material parameters involve considerable uncertainty, it is difficult to directly apply numerical results to practical projects. Numerous laboratory and field tests have been conducted to study the mechanisms of hydraulic fracturing [9, 10] . The experimental results indicate that hydraulic fracturing is mainly attributed to high water pressure and potential cracks. During initial impoundment, the water level rapidly rises, the permeability 2 Mathematical Problems in Engineering coefficient of the core material is small, and a high water pressure directly acts on the upstream face of the core wall. Therefore, it is necessary to identify potential tensile strain zones and shear strain concentration zones in which cracks may form.
Prototype monitoring is an important part of safety evaluation for rockfill dams [11] [12] [13] [14] [15] . In general, pore pressures, earth pressures, seepage pressures, seepage discharge, and displacement are measured during construction and the initial impoundment. However, the spatial resolution of piezometers may not be refined enough to detect local defects [16] . In addition, variations in the pressures and seepage discharge lag behind the formation of seepage channels, which is a distinct warning sign of seepage failure. In this paper, based on prototype monitoring displacement, the authors focus on the reconstruction of the strain field of rockfill dams to identify the potential cracking zones and evaluate the performance of dams during initial impoundment.
To construct the strain field of a prototype rockfill dam, in mathematical theory, the strain can be computed from the numerical differentiation of monitoring displacement data. The accuracy of the strain field mainly depends on the quality of the monitoring displacement data. Unfortunately, considering the complexity of field monitoring conditions, monitoring displacement data are inevitably influenced by noise. Moreover, numerical differentiation is an unstable and uncertain operation, and derivations can considerably amplify the noises error contained in monitoring displacement data, which can lead to the severe distortion of the strain field [17] . Many researchers have explored effective displacement smoothing methods to suppress noise effects. These smoothing methods can be roughly classified into two categories: local and global smoothing methods. The performance of local smoothing methods [18] [19] [20] [21] relies on properly sized calculation window. Selecting a proper window size is difficult because deformation issues are inhomogeneous. In addition, these methods require numerous markers for calibration, and such marker cannot be obtained by the monitoring system of a rockfill dam. In global smoothing methods, all noisy displacements are considered as a whole and fitted by piecewise interconnecting basis functions. Finite element-based (FE-based) smoothing methods, which are global smoothing methods, are effective noncontact methods of strain field measurement in experimental mechanics [22, 23] . This approach employs a finite element framework to establish a global description of the displacement field and determines the displacements at nodes. Because the monitoring gauges are limited and the approximation function is constructed based on a predefined mesh, the size of the mesh should be very coarse and cover the region of interest; thus, the accuracy of the solution is greatly affected by mesh distortion. Unlike the finite element method, the approximation function in the mesh-free method is constructed based on a series of nodes that are independent of a mesh. In particular, the radial basis function (RBF) method, which is a powerful mathematical approach [24] , has proven useful for approximating scattered data. Therefore, a meshless smooth method based on the RBF method is proposed to process the prototype monitoring displacement data. After the smoothing of the displacements field, the strain field is obtained by differentiation.
In this paper, a meshless smoothing method that can identify potential tensile strain zones and shear strain concentration zones is presented to evaluate the performance of dams. First, the smoothing method for displacement and strain field analysis is illustrated in detail. Then, the Nuozhadu core wall rockfill dam is taken as an example to demonstrate the feasibility of the method. The strain field is calculated during initial impoundment, and several meaningful conclusions are drawn.
The Meshless Smoothing Method for Displacement and Strain Analysis
The flowchart of the meshless smoothing method for displacement and strain analysis is illustrated in Figure 1 . This procedure includes four parts: a cluster of positive definite functions [23, 25] , a shape function matrix [26, 27] , a smoothing coefficient [28, 29] , and strain accumulation with staged construction and impoundment. These parts will be briefly introduced in this section.
The Cluster of Positive Definite
Functions. First, a cluster of positive definite functions ( , ) [23, 25] is introduced. The approximation function that minimizes the function ( , ) is the smooth displacement field. The function is expressed as follows:
wherẽ( , ) is the monitoring displacement; is the smoothed displacement at the monitoring point ( , ); ℎ ( ) is the "closeness" of the smoothed displacement field to the monitoring displacement; ( ) defines the smoothness within the domain ; is the number of monitoring points; and is the smoothing coefficient. Additionally, , , are second derivatives of , where
, and = 2 / 2 , respectively. Since the analytical solution to this problem requires solving a biharmonic equation, a numerical solution was adopted to solve this function. Because the approximation function in the mesh-free method is constructed based on a series of nodes and is independent of a mesh, the radial point interpolation method was adopted. In the meshless method, the displacement at point ( , ) can be expressed as = ( , ) , = 1, 2, . . . , where ( , ) is the shape function and is a nodal parameter. Namely, (x) = (x)u, in which is the matrix of the shape function and u is a column vector containing the nodal parameters. The derivatives of the approximation function can be expressed as follows:
The minimization of ( , ) with respect to u requires that
After substituting (2) into (3), the following equation can be obtained:
Equation (4) can now be rewritten as follows
A background cell structure is constructed for the numerical integration of matrix K 2 . Considering a typical section of rockfill dam, a triangular grid is discretized. According to relevant research [30, 31] , as long as the number of Gaussian points is three to nine times the number of distributed nodes, high accuracy and convergence can be ensured. In this study, K 2 was calculated with a 7-point Gauss numerical integration technique.
The Matrix of the Shape Function .
The radial point interpolation method has the following two advantages. First, the moment matrix used in the construction of the shape functions is always invertible for irregular nodes. Second, the shape function is high-order derivable. Therefore, radial point interpolation was adopted as the approximation function. The procedure of constructing the matrix of the shape function is briefly introduced as follows.
Consider an approximation function (x) defined in the domain that has a set of arbitrarily distributed nodes (x ), = 1, 2, . . . . Let (x) pass through all nodes using the RBF (x) and polynomial basis function (x); then, the field function can be approximated as follows:
where (x) is the RBF, is the number of nodes in the domain, (x) is the monomial basis function, and is the number of polynomial terms. and are coefficients. The vectors are defined as follows:
The RBF is associated with the distance between the interpolation point and the node. This distance in Euclidean two-dimensional space is expressed as follows:
The polynomial basis has the following monomial terms:
The coefficients and are determined by enforcing the interpolation pass through all scattered nodal points within the domain. The interpolation at the th point can be written as follows:
The polynomial term is an extra requirement that guarantees a unique approximation. In addition, the following constraint is typically imposed.
Equation (15) can be expressed in matrix form as follows:
where the vector of the function values is defined as
The coefficient matrix
in which ( , ) = 2 log . The coefficient matrix P 0 is as follows:
The distance is directionless, and ( , ) = ( , ), which means that matrix R 0 is symmetric. A unique solution is obtained if the inverse of matrix G exists.
The interpolation can finally be expressed as follows:
where the matrix of the shape function (x) is defined as
in which
where , is the ( , ) element of matrix G −1 . The derivatives of the shape function are as follows:
The Smoothing Coefficient .
It is apparent that the smoothing parameter controls the balance between the "closeness" and "smoothness." Generalized cross-validation (GCV) is a well-known and effective method of determining the optimal smoothing parameter [25, 26] . In short, GCV applies the "leave-one-out" principle, and minimizes the following error function:
where
A complete description of an algorithm based on the interval analysis is given [29] . This algorithm obtains the globally optimal value for 2D problems. u can be determined by substituting into (8) . Then, the displacement and strain fields can easily be obtained using (22) and (25) . elevation. Namely, the starting times of measuring points are different, so these raw monitoring displacement data cannot be directly employed. Because the deformation process of rockfill dams is nonlinear, a strain accumulation strategy was adopted, as illustrated in Figure 2 . During the staged construction process, the load layer (CDEF) causes incremental deformation in the completed profile (ABEF), which is below the construction elevation. The load layer (CDEF) has no effect on the zone above the construction elevation (EFGH). Therefore, the strain increment of the completed profile (ABEF) can be derived from the incremental deformation caused by the load layer. Based on this method, the strain accumulation process can be effectively simulated for staged construction and initial impoundment.
Strain Accumulation with Staged Construction and

The Nuozhadu Core Wall Rockfill Dam
The Nuozhadu water control project is located on the main stream of the lower Lancang River near Pu' er City in Yunnan Province, China. The project provides irrigation, water supply, power generation, flood control, environmental protection, tourism, and other functions. The total installed capacity of the hydropower station is 5,850MW, and the designed annual average power output is 239 × 108 kW•h.
The maximum cross section of the dam with material zoning is shown in Figure 3 . The dam has a maximum height of 261.5 m with an upstream slope of 1:1.9 and a downstream slope of 1:1.8. There are six types of dam materials: rockfill I, rockfill II, filter I, filter II, transition, and gravelly clay. According to the large-scale consolidation test, the compression modulus of core material is 32.9∼73.2MPa, and the compression modulus of rockfill materials is 112.0∼190.5MPa in saturation condition and 208.2∼368.1MPa in unsaturation condition. The E-B model parameters of materials of Nuozhadu core wall rockfill dam are provided in Table 1 .
The construction and initial impoundment process of the Nuozhadu core wall rockfill dam are shown in Figure 4 water level reached EL. 774.0 m. At this point, the initial impoundment was completed.
The Displacement Monitoring System
A detailed displacement monitoring system was established to monitor the deformation of the Nuozhadu core wall rockfill dam. The settlement and horizontal displacement inside the dam were measured with vibrating wire settlement gauges, water level settlement gauges, wire alignment transducers, and electromagnetic settlement gauges distributed in three typical cross sections: 0+169, 0+309, and 0+482. The layout of the displacement monitoring system in section 0+309 is shown in Figure 5 . To date, large quantities of field monitoring data have been collected as shown in Figures  6-10 .
Strain Analysis of the Nuozhadu Core Wall Rockfill Dam
The monitoring data in section 0+309 were processed with the meshless smoothing method. Then, the smoothed displacement and strain fields were obtained. Some meaningful conclusions were drawn by analyzing the calculated stain field.
The Smoothed Displacement Field of Section 0+309 of the Dam.
The settlement contour before reservoir filling is illustrated in Figure 11 . The maximum settlement in the core wall occurred at EL. 660.0 m. The settlement of the upstream and downstream rockfill shells reached a maximum at the same elevation. The maximum settlement of the core wall was slightly larger than that of the rockfill shells. As shown, the settlement contour is generally symmetric with respect to the dam axis, which is mainly due to the low upstream water level and full-face balance construction. Figure 12 shows the settlement contour after initial impoundment. The settlement of the core wall reached a maximum of 3.0 m. The maximum settlement of the upstream and downstream rockfill shells was 2.5 m and 2.0 m, respectively. The elevations of maximum settlement in the core wall and downstream rockfill shell were higher than that in the upstream shell. However, the settlement of the upstream shell was larger than that of the downstream shell. This phenomenon may be attributed to the combination of floatage and wetting effects.
As shown in Figure 13 , the horizontal displacement contour was generally symmetric with respect to the dam axis before reservoir filling. The maximum horizontal displacement occurred at the upstream and downstream slope surfaces at 1/2 the filling height. Meanwhile, relatively horizontal displacement was observed near the interface between the shells and core wall. The core wall material was softer than the rockfill, and the rolling compaction of the core wall led to lateral extrusion, which was the main reason for this considerable horizontal displacement.
The horizontal displacement contour after initial impoundment is given in Figure 14 . In general, the horizontal displacement moved downstream. The maximum horizontal displacement in the core wall reached 1.4 m at EL. 700.0 m. During the first relatively rapid reservoir filling stage, steady seepage did not occur in the dam and the water pressure directly acted on the upstream surface of the core wall because the hydraulic conductivity of the core material was small. Therefore, the horizontal displacement in the core wall and downstream shell at EL. 660∼740.0 m was larger than that in the upstream shell.
The Smoothed Strain Field of Section 0+309 of the Dam.
The volumetric strain of section 0+309 is given in Figure 15 M3  M4  M5  M6  M7  M8   M9  M10  M11  M12  M13  M14 M15 M16 M17 M18 M19 M20   M21  M22  M23  M24  M25  M26 M27 M28 M29   M30  M31  M32  M33  M34  M35 M36   M37  M38 M39 M40 Figure 5 : The layout of the displacement monitoring system in section 0+309. reached maximum at EL. 660.0 m and EL. 700.0 m, respectively. In addition, the maximum volumetric compression strain of the upstream rockfill zone was larger than that of the downstream shell. The upstream rockfill materials softened after immersion, which resulted in considerable stress variations. The extensive rearrangement of particles caused considerable plastic deformation. In the core wall, the volumetric strain exhibited a compression trend and reached a maximum of 2.5% at EL. 680.0∼700.0 m. In general, there was no volumetric expansion in the core wall, and the risk of concentrated leakage was negligible.
As shown in Figure 15 , the calculated volumetric strain was extremely small, even reaching zero, at the upstream slope. This result maybe can be due to the unloading of floatage. For rockfill materials, when the volumetric strain approaches zero, the skeleton of rockfill loosens, and the strength decreases considerably and even disintegrates. The reverse seepage caused by reservoir drainage could lead to a shallow slide on the upstream slope. Therefore, the discharge of water from the reservoir should be carefully controlled.
The monitored pore water pressures right after initial impoundment are plotted in Figure 16 . The pore water pressures were monitored by vibrating wire seepage pressure cells. 14#∼16#, 24∼26#, and 34# were broken, but others worked as expected. After reservoir filling, the upstream water level reached EL. 774.0 m. The monitored excess pore water pressure was 0.01 MPa, which was caused by roller compaction. The hydrostatic pressures were 0.36 MPa, 0.73 MPa, 1.14 Mpa, and 1.48 MPa at the corresponding monitoring elevations. The excess pore water pressures were 0.05 MPa and 0.11 MPa at EL. 626.0 m and 701.0 m, respectively. The readings of the 27# pressure cell may be inaccurate. The excess pore water pressure reached a maximum of 0.27 MPa at EL. 738.0 m. During filling and initial impoundment process, the total stress acting on the core material increased, and then the soil skeleton was compressed and the void volume decreases. Since the permeability coefficient of core clayey material is quite small, the pore water cannot dissipate quickly, the excess pore pressure increased. In Figure 15 , the compression strain exceeded 2.0% at EL. 680∼740.0 m, which was consistent with the locations of excess pore water pressures. Therefore, it can Mathematical Problems in Engineering be concluded that the compression strain is a key factor that influences the excess pore water pressure in the core wall. The excess pore water pressure can reduce the effective stress and increase the risk of hydraulic fracturing, so the accumulation of excess pore water pressure in the core wall should be appropriately considered. Figure 17 shows the shear strain field of section 0+309. The calculated shear strain of the upstream and downstream slopes reached a maximum of 1%. Because this shear strain is small, this slide did not endanger the safety of the dam slopes. The shear strain in the core wall reached the maximum of 2.0% and 1.0% on the upstream and downstream surfaces, respectively. In addition, the maximum occurred at EL. 700.0 m, which was consistent with the position of maximum differential settlement between the core wall and rockfill shells in Figure 12 . Because the core material is more compressible than the rockfill shells, the core wall will tend to settle more than the rockfill shells and can "hang up" on the rockfill shoulders, thereby lowering the stresses in the core wall. This "arching effect" often causes differential settlement cracking. Therefore, some gravel should be mixed into clay to increase the modulus of the core material and reduce the differential deformation. In addition, fine rockfill materials should be used as transition layer to sustain the concentrated shear strain. Additionally, well-graded filters containing sufficient quantities of noncohesive fines should be adopted to seal the potential shear cracks in the core wall to improve the stability against seepage flow.
Compared with transverse displacement and settlement, the displacement along the dam axis was small. Based on the plane strain hypothesis, the principal strains can be calculated as follows: 1 , 3 = (1/2)( + ± √( − ) 2 + 2 ). During the construction and reservoir filling stages, the direction of the major principal stress was vertical, and the direction of the minor principal stress was approximately horizontal. Therefore, the calculated minor principal stress 3 was in the transverse direction.
The calculated minor principal strain 3 contour is illustrated in Figure 18 . As shown, the minor principal strain below EL. 720.0 m was generally symmetric with respect to the dam axis. The maximum 3 of 0.3% appeared near the downstream surface of the core wall at EL. 700.0 m. After the initial impoundment, the water pressure acted on the core wall and caused horizontal displacement in the downstream direction (in Figure 14) , which increased the minor principal strain on the downstream surface of the core wall.
In Figure 18 , the minor principal strain 3 on the upstream shell and surface of the core wall dramatically decreased above EL. 700.0 m. If the minor principal strain, which is nearly perpendicular to the core wall, decreases to zero, potential longitudinal cracks may occur. Therefore, periodical dam inspection should occur with a focus on the core wall and upstream shell near the dam crest.
Conclusion
It is important to evaluate the performance of rockfill dams during initial impoundment. The strain field of a prototype dam is an effective tool for identifying potential tensile strain zones and shear strain concentration zones in which cracks may form. A meshless smoothing method was proposed to process the prototype monitoring displacement data and construct the strain field of dams. This method provides an optimal balance between the data fitting capability and error sensitivity. Therefore, smooth displacement and strain fields of rockfill dams can be calculated with this method. The displacement and strain fields of the Nuozhadu core wall rockfill dam were analyzed with prototype monitoring data during initial impoundment, and the following conclusions were drawn:
(1) The volumetric strain of the core wall exhibited a compression trend. In general, there was no tensile strain in the core wall, so the risk of concentrated leakage was negligible. This indicates that the zoning design was adequate and the construction level was fairly high. (2) A shear strain concentration zone appeared near the upstream and downstream surfaces in the middle of the core wall. This was due to differential settlement between the rockfill shells and the core wall of the dam. Compared with the upstream and downstream shells, the core materials are more compressible. Therefore, reinforcement measures, such as mixing with gravel, enhanced compaction energy, that improve the modulus of the core wall should be adopted. In addition, fine rockfill materials should be used as transition layer to sustain the concentrated shear strain. As remedial engineering measure, wellgraded filters containing sufficient quantities of noncohesive fines should be adopted to seal the potential shear cracks in the core wall. (3) A considerable decrease in the minor principle strain occurred on the upstream shell and surface of the core wall above EL. 700.0 m. If the minor principal strain, which is nearly perpendicular to the core wall, decreases to zero, potential longitudinal cracks may occur. Therefore, periodical dam inspections should focus on the core wall and upstream shell near the dam crest.
These results show that the proposed meshless smoothing method is effective for evaluating the performance of prototype rockfill dams during initial impoundment and can be conveniently used to assist in field inspections of dams.
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